
Architecture 324
Structures II

Reinforced Concrete Beams
Ultimate Strength Design
(ACI 318 - 2019)

• Flexure in Concrete
• Ultimate Strength Design (LRFD)
• Failure Modes
• Flexure Equations
• Analysis of Rectangular Beams
• Design of Rectangular Beams
• Analysis of Non-rectangular Beams
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Flexure

The stress trajectories in this simple beam, 
show principle tension as solid lines.

Reinforcement must be placed to resist 
these tensile forces

In beams continuous over supports, the 
stress reverses (negative moment).
In such areas, tensile steel is on top.

Shear reinforcement is provided by 
vertical or sloping stirrups.
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Ultimate Strength – (LRFD)
Nominal Strength  ≥ Design Strength

(strength of member ≥ required by loads)

LRFD uses 2 safety factors: and 
nominal strength ≥ required strength

 increases the required strength of the 
member and is placed on the loads

 reduces the member strength capacity and is 
placed on the calculated force

Loads increased:
 Factors:  DL=1.2  LL=1.6

U is the required strength
U=1.2DL+1.6LL  
(factors from ASCE 7)

Strength reduced:
 Factors:  e.g. flexure = 0.9 
in tension-controlled  beams
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Ultimate Strength – (ACI 318)
Reduced Nominal Strength  ≥  Factored Load Effects 

ΦSn   ≥ U 

Factored Loads (see ACSE 7)

1) 1.4D

2) 1.2D + 1.6L + 0.5(Lr or S or R)

3) 1.2D + 1.6(Lr or S or R) + (1.0L or 0.5W)

4) 1.2D + 1.0W + 1.0L + 0.5(Lr or S or R)

5) 1.2D + 1.0E + 1.0L + 0.2S

6) 0.9D + 1.0W 

7) 0.9D + 1.0E

Strength Reduction Factors, Φ

Mn Flexural ( > 0.005) 0.90
Vn Shear 0.75

Pn Compression (spiral) 0.75
Pn Compression (other) 0.65

Bn Bearing 0.65

Tn Torsion 0.75

Nn Tension 0.90

Combined stress 0.65 to 0.90

D = service dead loads
L = service live load
Lr = service roof live load
S = snow loads
W = wind loads
R = rainwater loads
E = earthquake loads
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ACI 318 21.2.2



Strength Measurement

• Compressive strength
– 12” x 6” cylinder
– 28 day moist cure
– Ultimate (failure) strength

– Usable strain cu = 0.003 (ACI 318)

• Tensile strength ASTM C496
– 12” x 6” cylinder
– 28 day moist cure
– Ultimate (failure) strength
– Split cylinder test
– ca. 10% of f’c
– Neglected in flexure analysis
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Failure Modes Based on As

• No Reinforcing
o Less than As min
o Brittle failure

• Reinforcing < balance (use this)
o Steel yields before concrete fails
o ductile failure

o (~As min) 0.06 ≥ t ≥ 0.004 (As max)

o t ≥ 0.005 for tension controlled

• Reinforcing = balance
o Concrete fails just as steel yields

o t at balance = 0.00207 for Gr 60

• Reinforcing > balance
o Concrete fails before steel yields
o Low ductility
o Sudden failure
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ACI Stress Block

1 is a factor to account 
for the non-linear 
shape of the 
compression stress 
block.

Actual stress block ACI equivalent stress
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Balance Condition

From similar triangles at balance condition:

Use equation for a.  Substitute into c = a / 1

Equate expressions for c:

Strain diagram for balanced condition.
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Rectangular Beam Analysis
Data:

• Section dimensions – b, h, d, (span)
• Steel area - As
• Material properties – f’c,  fy

Required:
• Nominal Strength (of beam) Moment - Mn
• Required (by load) Design Moment – Mu 
• Load capacity

1. Calculate d

2. Check As min

3. Calculate a

4. Determine c

5. Check that t 0.005 (tension controlled)

6. Find nominal moment, Mn

7. Calculate required moment, Mn ≥ Mu 

(if t 0.005 then phi = 0.9)

8. Determine max. loading (or span)
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As,min
greater of a and b.



Rectangular Beam Analysis

Data:
• dimensions – 12”x23”
• Steel – 4 x # 6    fy = 60ksi
• Concrete f’c = 6000 psi  
• Stirrup # 3   cover 1.5”  Agg ¾”

Required:
• Required Moment – FMn = Mu (capacity)

1. Calculate d
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Rectangular Beam Analysis cont.
Data:
dimensions – 12”x23”
Steel – 4 x # 6 – As = 1.76 in2

f’c = 6000 psi  fy = 60ksi

2. Check As,min
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Rectangular Beam Analysis cont.
Data:
dimensions – 12”x23”
Steel – 4 x # 6 – As = 1.76 in2

f’c = 6000 psi  fy = 60ksi

3. Find a

4. Find c

University of Michigan, TCAUP                                                                Structures II                   Slide  12 of 51

Rectangular Beam Analysis cont.

5. Check that As is < As max

t 0.004   

6. Check that t 0.005 

(for tension controlled section)

= 0.9

7. Find nominal moment, Mn

8. Calculate required moment

Mn ≥ Mu 
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Slab Analysis

Data:
• Span = 18 ft
• h = 11”

take b = 12”
• Steel  #8 @ 18” o.c.
• f’c = 3000 psi
• fy = 60 ksi

Required:
• Design moment capacity – Mu
• Maximum LL in PSF

1. Find d

2. Find As
Check As,min

Ag = 11” x 12” = 132 in2

[0.0018(60)/60] 132 = 0.237 in2

0.0014 (132) = 0.1848 in2

0.527 > 0.237  ok
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ACI 318-14

Slab Analysis

3. Find a

4. Find c = b1 a

5. Check failure mode

t ≥ 0.005 for tension controlled

6. Find force T

7. Find moment arm z

8. Find nominal strength moment, 
Mn
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Slab Analysis

9. Find required moment, Mu

10. Find slab DL

11. Determine max. loading
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Details of Reinforcement

Size
• Nominal 1/8” increments

Grade
• 40 40 ksi
• 60   60 ksi
• 75 75 ksi
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Details of Reinforcement

ACI 318  Chapter 25.2
Placement of Reinforcement

• cover
(ACI  20.6.1)

• horizontal spacing in beams
(ACI 25.2.1)

1 inch
db
4/3 max aggregate

• vertical spacing in beams
(ACI 25.2.2)

1 inch

Details of Reinforcement

ACI 318  Chapter 25
Placement of Reinforcement

• Chairs

• Bolsters
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Details of Reinforcement

ACI 318  Chapter 25

Minimum bend diameter
• factor x db

Hooks for bars in tension
• ACI Table 25.3.1
• Inside diameter

Bends for stirrups
• ACI Table 25.3.2
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Details of Reinforcement

ACI 318  Chapter 25

Development length of bars
• 12” minimum
• based on table 25.4.2.2
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Other Useful Tables:

Jack C McCormac, 1978
Design of Reinforced Concrete,
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Rectangular Beam Design
Two approaches:

Method 1:
Data:

• Load and Span
• Material properties – f’c,  fy
• All section dimensions: h and b

Required:
• Steel area - As

Method 2:
Data:

• Load and Span
• Some section dimensions – h or b
• Material properties – f’c,  fy
• 

Required:
• Steel area - As
• Beam dimensions – b and h
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Rectangular Beam Design – method 1

Data:
• Load and Span
• Material properties – f’c,  fy
• All section dimensions – b and h

Required:
• Steel area - As

1. Calculate the factored load and find factored 
required moment, Mu

2. Find d = h – cover – stirrup – db/2     (one layer)
3. Estimate moment arm z = jd. For beams j  0.9 

for slabs j  0.95
4. Estimate As based on estimate of jd.
5. Use As to find a
6. Use a to find As (repeat…until 2% accuracy)
7. Choose bars for As and check As max & min

8. Check that t 0.005

9. Check Mu ≤  Mn (final condition)

10. Design shear reinforcement (stirrups)
11. Check deflection, crack control, steel 

development length.
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Rectangular Slab Design

Data:
• Load and Span
• Material properties – f’c,  fy
• All section dimensions:
• h (based on deflection limit)
• b = typical 12” width

Required:
• Steel area - As

First estimate the slab thickness, h.

Try first the recommended minimum. 

Deeper sections require less steel, but of 
course more concrete.
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Rectangular Slab Design

1. Calculate the dead load and find 
required Mu
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Rectangular Slab Design

2. Estimate moment arm 
z  0.95 d 
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Rectangular Slab Design

3. Estimate As based on estimate of jd.

4. Use As to find a

5. Use a to find As (repeat…)
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Rectangular Slab Design

6. Choose bars for As required:
either
choose bars and calculate spacing
or
choose spacing and find bar size

If the bar size changes, re-calculate to 
find new d. Then re-calculate As…

7. Check As,min
(for slabs As,min from ACI Table 7.6.1.1)
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Rectangular Slab Design

8. Check that t 0.005
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Rectangular Slab Design

9. Check Mu ≤  Mn
(final condition)
As = As,used

Mn = T z

10. Check deflection, crack 
control, steel development 
length.
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Rectangular Beam Design – method 2
Data:

• Load and Span
• Some section dimensions – b or h
• Material properties – f’c,  fy

Required:
• Steel area - As
• Beam dimensions – b and h

1. Estimate the dead load (h  L/12) and find Mu

2. Choose  (equation assumes t = 0.0075)
3. Calculate bd2

4. Choose b and solve for d (or d and solve b)
b is based on form size – matches column 
size
h is between L/12 to L/18 and b:h  1:2 to 2:3

5. Estimate h and correct weight and Mu
6. Find As =  b d
7. Choose bars for As and determine spacing 

and cover.  Recheck h and weight.

8. Check that t 0.005 (if not, increase h and 
reduce As)

9. Design shear reinforcement (stirrups)
10. Check deflection, crack control, steel 

development length.
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Rectangular Beam Design

Data:
• Load and Span
• Material properties – f’c,  fy

Required:
• Steel area - As
• Beam dimensions – b and d

Estimate b and h to get beam selfweight.

1. Estimate the dead load (h  L/12) 
and find Mu.

2. Choose  (equation assumes t = 0.0075)
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Rectangular Beam Design cont.

3. Calculate bd2

4. Choose b and solve for d 
(or d and solve for b)
b is based on form size – matches column size
h is between L/12 to L/18 and b:h  1:2 to 2:3

5. Estimate h and correct weight and Mu
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Rectangular Beam Design cont.

6. Choose b and solve for d 
(or d and solve for b)

b is based on form size – matches column size
h is between L/12 to L/18 and b:h  1:2 t

7. Estimate h and correct weight and Mu

8. Find As =  bd
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9. Choose bars for As and determine spacing 
and cover.  Recheck h and weight.

If bars do not fit in one layer, d is measured 
to the centroid of the pattern.

Rectangular Beam Design

Jack C McCormac, 1978
Design of Reinforced Concrete,
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7. Choose bars for As and determine 
spacing and cover.  Recheck h and 
weight.

Make final check of Mn using final d and
Check that Mu  ø Mn

8. Check that t 0.005 (if not, increase h 
and reduce As)

9. Design shear reinforcement (stirrups)
10. Check deflection, crack control, steel 

development length.

Rectangular Beam Design
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Non-Rectangular Beam Analysis

Data:
• Section dimensions – b, be, h, (span)
• Steel area - As
• Material properties – f’c,  fy

Required:
• Required Moment – Mu (or load, or span)

1. Find T=As fy and    C= 0.85 f’c Ac
2. Set T = C and solve for Ac
3. Draw and label diagrams for section and stress

1. Determine b effective (for T-beams)
2. Locate T and C (or C1 and C2)

4. Determine the location of a.
Working from the top down, 
add up area to make Ac

5. Find moment arms (z) for each block of area
6. Find Mn =  C z

7. Find Mu =  Mn
8. Check As min < As < As max

9. Check that t 0.005
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Effective Flange Width, be

Slab on one side:
be least of either (total width) or (overhang + stem)
• Total width: 1/12 of the beam span
• Overhang:  6 x slab thickness
• Overhang:  ½ the clear distance to next beam

Slab on both sides:
be least of either (total width) or (2 x overhang + stem)
• Total width: ¼ of the beam span
• Overhang:  8 x slab thickness
• Overhang:  ½ the clear distance to next beam (i.e. the 

web on center spacing)
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Non-rectangular shape - example

Given: f’c = 3000 psi
fy = 60 ksi
As = 6 x #9 = 6 in2

Req’d: Capacity, Mu

1a. Find T

1b. Find C in terms of Ac

2. Set T = C and solve for Ac
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Non-rectangular shape (cont.)

3. Draw section and determine areas 
to make Ac

4. Find the location of a.
a = 3”+5”+4”

C = 0.85 f’c Ac

f’c = 3 ksi
Ac1= 48 in2

Ac2= 30 in2

Ac3= 64 in2
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Non-rectangular shape (cont.)

5. Determine moment arms to areas, 
z.  (d = 22”)

6. Calculate Mn by summing the Cz
moments.

7. Find Mu =  Mn
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Non-rectangular shape (cont.)

8. Check As,min

3 bw d  =

3 22 (16) =0.964 in2

(200/fy) bwd =
(200/60000) (16x22) = 1.17 in2

9. Check t 0.005

Find c = a/1

Check that t 0.005 (tension 
controlled)

And t 0.004 (As max)

When As > As,max, t must be increased:
Reduce As (but would also reduce Mn)
Add compression steel 
Increase h
Increase f’c

University of Michigan, TCAUP                                                                Structures II                   Slide  44 of 51

As,min
is the greater



Ferrocement

• Pioneered by Pier Luigi Nervi
• Dense, small gage reinforcement
• More flexible shapes – no formwork
• Well suited for thin shells
• Less cracking
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Ferrocement

• Pioneered by Nervi
• Dense, small gage reinforcement
• More flexible shapes – no formwork
• Well suited for thin shells
• Less cracking
• Low-tech applications
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Priory Benedictine Church, Missouri, 1956. Architect Gyo Obata 

Palazetto dello Sport, Rome, 1957. P.L. Nervi 



Fiber Reinforced Concrete

Several different fiber types:
• Steel  (SFRC)
• Glass (GFRC)
• Plastic e.g. polypropylene
• Carbon
• Organic e.g. bamboo

Better crack control
Secondary reinforcement 
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Glass Fiber Reinforced Concrete - GFRC
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Carbon Fiber Bamboo
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Shotcrete

• Pneumatically applied
• High velocity
• Can include fiber
• Applied to backing 
• Reinforced with bars
• Soil stabilization, tunnels
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Textile Reinforced Concrete (TRC)
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