Architecture 324
Structures Il

Structural Continuity

» Continuity in Beams
Deflection Method
Slope Method

* Three-Moment Theorem

Millennium Bridge, London Photo by Ryan Donaghy
Foster and Partners + Arup
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Continuous Beams

» Continuous over one or more supports
— Most common in monolithic concrete
— Steel: continuous or with moment | [ |
connections ‘ o
— Wood: as continuous beams, e.g.
long Glulam spans
+ Statically indeterminate
— Cannot be solved by the three o
equations of statics alone JT\\ — — |
— Internal forces (shear & moment) as o l ' T ]
well as reactions are effected by
movement or settlement of the
supports

two spans - simply supported

two spans - continuous
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a simple span.

for this case (center point load) equal to
the deflection from step 1.

Solve the resulting equation for the center
reaction force. (upward point load)

Calculate the remaining two end reactions.

Draw shear and moment diagrams as
usual.

University of Michigan, TCAUP

Remove the applied loads and replace the
center support. Set the deflection equation

Slmple VS- Contlnuous Beams 34. CONTINUOUS BEAM—THREE EQUAL SPANS—ONE END SPAN UNLOADED
wl wi
1. SIMPLE BEAM—UNIFORMLY DISTRIBUTED LOAD A flll‘lir;llll ml’i‘_[ém]m;””rﬁﬁj‘l‘rc l 1)
T — Ra=0383wl  Re=120uwl Rc = 0.450 wl Ro — 0.0 i
i Ay L 0.383 wl 0.583 il T 0.033 wi|____ 0,033 wi
oo . z SHEAR 0617wl 0.417 wl :
R 1
. . VR ¢ o o o o o o o o o - w(?—l) —0.1167 wiz
7 T mmax, (atoonter) . ... o= - 007l A ﬁu w2 |—0.0333 wiz
Sheas B e Y ) MOMENT | "= 05831
5 wié
ML amax. (“""m) ct ot TameE A Max. (0.430 . from A) = 0.0059 wi*/El
| Ax e e e e e e e e m a2kt
Moment 35. CONTINUOUS BEAM—THREE EQUAL SPANS—END SPANS LOADED
wl wl
jsssssassssssnssssuss |
* Simple Beam Af 1 18 1 fc 1p
P RA— 0450wl  Rs=050wl  Rc=050wl Ry 0450wl
— End moments =0 sﬂ:;,:‘wl S . N
— Mmax at C.L = wL?/8 = 0.125wL? 0,050 wi*
Fotoiswle AT +0.1013 wile
. MOMENT (102 il
. Continuous Beam 0.4501 0.4501
. A Max. (0.479 ! from A or D) = 0.0099 wi*/EIl
— Exterior end moments =0
. 36. CONTINUOUS BEAM—THREE EQUAL SPANS—ALL SPANS LOADED
— Interior support moments are N S T—— —
; At 18 1 1c 1 1o
usually negative Ra=0400wl  Re=Ll10wl Re = 110wl Ro = 0.400 ]
— id- 0.500 wihrr 0600 wl
Mid-span moments are usually 0wl e L T ot 0,400
positive —0.100 wiz ::.%oo wiz
. +-0.080 wiz +0.025 wiz +0.08I0 wiz
— End + Mid = 0.125wL? _ LN
0.400 ! 0.5007 | 0.500! I*QM
A Max. (0.446 [ from A or D) = 0.0069 wi‘/El
Note: moments shown reversed
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Deflection Method
. . w= 2 k/fft
* Two continuous, symmetrlc spans
«  Symmetric Load 24 T\ 2t
A B EIA=0 c
Procedure:
1. Remove the center support, and calculate ———
the center deflection for each load case as - -

-
-~
-

_———

-

Structures Il

EIA, +EIA, =0
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Deflection Method - Example:

MAXIMUM_VALUES: SLOPE, DEFLECTION, AND BENDING MOMENT
NOTE: YALUES OF SLOPE AND DEFLECTION TO BE DIVIDED BY "EI”
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Given: Two symmetric spans with ’
symmetric loading as shown. Lo Y2 siope 2 }
przy,  Pacpm gy, L sLaPz—»f’ng
) . PL’/ e orriEeTo peFLecrion->PLY/z
Find: All three reactions i
| ’"VC
[ w ] "
ae B 4 e
WL 4 5
| W= TR ; +—t &5 T 2y, ( %4 wzy;,
,ﬁ,‘»\_,_3_57,_-—"'_9:’“‘~~—\"3_O‘I ,,,,,,, a3 9% W‘%o % TW ’“"%,o
TK. TKL ¥ F‘Z wify
, B Wi 2 C T Wiy
T J’ ‘IL *l’ . am’/azo /52 Tw v
R e --J(l-' T T Us § s Us Us § 2/
(A 2 P 2 2 2PL 2
-— —T/ b 5 i za‘l’{%“ &4 A
LL’ > ;'r 4 g Pl/a ta Pl/4 Lig 3L/
sy, T2 spiy, e sy
S ¥3g =20 & =5g 1P 54
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Deflection Method
2o 2ok 20k
1. Remove the center support, and qL ik
calculate the center deflection for 4 . ol
each load case as a simple span. 1 g }1-- ---" i
Kl éL K;
F_P
w Lig g tay ta ta
2 wl 2 PL
Wiha ;/6 14/1./24 5;.»[3/52 /2 5;,‘2/52
S5W ?
L/384 19PL /”4
5, = swudt rp? 4 i
L= 3w . 130727 50)60)" + 19 (20)(eo
Rt Bl Sa4-83 384 €F
él_ - 382500/€1
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Deflection Method — Example

2.Remove the applied loads and Sr
replace the center support. Set the J‘é,,/ S 't o o e \L
deflection equation for this case A
(center point load) equal to the o’ ¥ Rol | 12p”
deflection from step 1.

P
7 ‘ L/2 SLOPE ‘

A A
ryy,  PYa<bm pryy,
PLY4g <—pEFLECTION

3. Solve the resulting equation for the
center reaction force. (upward point

load)
N
- 3
38z%5cc/e1 = RA
A% ET
r.= 85"
2
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Deflection Method — Example

4. Calculate the remaining two end reactions.

Z Fy=O= R‘ -\—R;-\'ég - e0-60 =0

—K

KI;KS il [7’7
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Deflection Method - Example cont.:

5. Draw shear and moment diagrams as usual.

L zok Zo'< 20K
I ¥ e
o= T Ker [
ﬂ;';k 30" TSGK 30! T'?‘.YK

325
K 112.5
125 @ : .W"S'K

5]
N R ram Aed
- = = _’1'5—-K
41507 E _32.6°% r152" K
\/ P

= WP =k s
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Slope Method LOAD 1 LOAD2
« Two continuous spans T ) L I3 T
* Non-symmetric loads and spans T

A B c
Procedure: LOAD 1 LOAD 2

1. Break the beam into two halves at the

B B

interior support, and calculate the -

interior slopes of the two simple spans. 3 e
2. Use the Slope Equation to solve for the e L. M

negative interior moment. ccild \ ) Q - Ty
3. Find the reactions of each of the I = f & l

simple spans plus the M/L reactions

M/L: M/L: M/L: M/L:

caused by the interior moment.
4. Add all the reactions by superposition.

5. Draw the shear and moment diagrams
as usual.

M=—3 |EI©, + EIO, |
L +L,
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Slope Method

MAXIMUM_VALUES: SLOPE, DEFLECTION, AND BENDING MOMENT
NOTE: VALUES OF SLOPE'AND DEFLECTION TO BE DIVIDED BY "EI”

P
Lo L2 SL0PE % *
ni, PL/4 M. A, stope—>FL 42
Slope equations: PLY4g «DpERLECTION ”FL“T'W—)PL /3
wt/z
l w l 1/< mz/b
Wy, Y& oo wy, L g
3 LY 4 fw 5
M=—""—|EI®, +EI©,] ™
Ll + Lz L wty
51«‘n7 Wi, 51‘«/4/’ & /w/;
9% WL%O 7{9 Tw / L/éo
M5
w2 2 i
Ml wiy, Yo iy L p/lz
'—3‘— ? 5”‘7320 Tw Vs
M P P P
/,-”'_—“\ Ls & Ys g L3 L3 & 2l/3
2 P 2 2pL e
T Az || 57 ™
48
P P P
MAI M/ L tay L/af sy LYa Ysy 34
5;1’/52 P/2 5;‘%2/32 7?1‘;28 3Py, sﬁ%a
HPL%M
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Slope Method - Example e p
Ls & Y34 L3
Given: Two non-symmetric spans with - PL &
o et B,
oading as shown. loss
Find: All three reactions W
wi
m"'/24 /8 m% "
3
5w 84
1. Break the beam into two halves at the < | dgk
interior support, and calculate the (XSRS i
interior slopes of the two simple spans. i &' \L &' \L 8 : \ wz2 KLF |
r 24’ 2 z4' T
FLE 27(e4)t
2. Use the Slope Equation to solve for B =5 = — = '+28
the negative interior moment. we*t 48 (24" _ 52
E10:% 7 = —7q =
3 M= L 0 [EI@ +El@1] = - [Zggoj
M=——"—|EI®, + EIO,] »
Ll + L2 M= I1&o
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Example of Slope Method cont.:

3.Find the reactions of each of the simple spans 3 ? M
plus the M/L reactions caused by the interior e

moment. ‘ - T f)

4.Add all the reactions by superposition.

Rpdirions &y FBPY
o _ |
. l [

T3 2 gt td P AT

148

N

. TDWO :
, %7, 7.51
N u,j N _7_ § T3s
1a5t AL 6,5 ¢

University of Michigan, TCAUP Structures Il Slide 13 of 29

Example of Slope Method cont.:

5. Draw the shear and moment diagrams as usual.

23" 23x

s ) el s
7:\ b

31.5%

19,58 .

*705‘(

AT
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Three-Moment Theorem

* Any number of spans
* Symmetric or non-symmetric

M

G+

p FREE BODY 1

1
e
AN

LOAD 1

i

) ( LOAD 2
EIO: /{ ?\EIC
C

S

)

M L +2M,(L +L,)+M_.L, =6|EI®, + EI®, |

University of Michigan, TCAUP
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3-Moment Theorem
* Any number of continuous spans
* Non-Symmetric Load and Spans

m me
6 \ z
Zo—=AWM

1;% )
M/ ML

Z - l \L jﬁg”c

‘ﬁ L, ‘%’ Lz C

L ' L .
IV(AC PP S _MJL M{‘L"/ 2

Pi{t' NsLl
_ 8/
— = 0 /' s
Mg

+E18, —M-&'—ri%i‘ = -Ele, M°Lz+ V—'—%}-

M L +2M, (L, +L,)+ M L, =6[EI®, + EIO, |
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MAXIMUM_VALUES: SLOPE, DEFLECTION, AND BENDING MOMENT

NOTE: VALUES OF SLOPE AND DEFLECTION TO PE D!VIDED BY "EI”

P
o L/2 SL0PE
P, Placpempzy, g L hgm-m 42
P L%a <“—DEFLECTION pEFLECTION-> PL /3
[ ] WYz
L :
wt
>2 7] 2., ( - y
T | M
) 54 v
2w/
w
2 2 Wy, Y C 21‘4 A
610'%(, . 5w%b T //WL%O
WY, y
wi/s
Au:/z WL//Z /ZA 2 - WLZ/IZ
Wi wy, .
L P
sy Y34 U3 s 4 2
% P : L 9
P4 25P{3 "4 5% 4P,
48
P P P 3
Hag Yoy oy Ya Ysy 34
572 P2 5PL w3y ¥
/52 /52 728 e -
19 PL% ot
Structures Il

Slide 16 of 29




Three-Moment Theorem

* Any number of spans
* Symmetric or non-symmetric

Procedure:

1. Draw a free body diagram of the first
two spans.

2. Label the spans L1 and L2 and the
supports (or free end) A, B and C as
show.

3. Use the Three-Moment equation to
solve for each unknown moment,
either as a value or as an equation.

/V

LOAD 1

EIO:

FREE BODY 1

1

¥

LOAD 2

=) (=

M L +2M,(L +L,)+M_.L, =6|EI®, + EI®, |

University of Michigan, TCAUP
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Three-Moment Theorem
Procedure (continued):

4. Move one span further and repeat the
procedure.

5. In a 3 span beam, the mid-moment from
step 3 above (B), can now be solved using

the two equations from step 4 and 3
together, by writing 2 equations with 2
unknowns.

Repeat as needed, always moving one span
to the right and writing a new set of moment
equations.

. Solve 2 simultaneous equations for 3 spans,

or 3 equations for more than 3 spans, to get
the interior moments.

Once all interior moments are known, solve
for reactions using free body diagrams of
individual spans.

Draw shear and moment diagrams as usual.
This will also serve as a check for the
moment values.

(==

M

2

LOAD 2

=
-

10,

Ly

) (e

LOAD 3

192

M L +2M,(L +L,)+M_.L, =6|EI®, + EI®, |
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Three-Moment Theorem Example

Given: Three non-symmetric
LOAD 2

spans with loading as ’] LOAD 1
shown. /{ 7\
; EIO:

Find: All four reactions

)

l |
48" T qOrX
] M ll
1. Draw FBD T L 0 bo N A My
2. Label 4 XF 10! l 20! 414 F
Tt 30" i ey
R R
3. Solve 7 B CK; Ry
3-moment
equation F!&ST EQUATION (AT 1,2 we3) 5 110t 48(10) _
Ma =0 W €6 5 - a4
o = Mo (= 20 ot oled o
=My Lyt 4L BIOLT R i(egzlﬁ_oﬂ 3333.3
MALI *'ZHB(LHL-L\ +H¢L2 s é£E|@,+EJ@z]
o)+ 2 H [(42)+ Mz (30) = {;288 13333.3]
My = 255 GGt — 4 M 3
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Three-Moment Theorem Example (cont.)

M L +2M (L, + Ly )+ ML, = 6[EI®, + EIO, ]

4. Move one span further and repeat the procedure.
| |

' 48\\ ‘, qo K
M| ,'y M,L Go K M3 }'-: F‘H‘*
4 KLF |O' l ZO' (FKLF
41 gl 30" et

Seconr LAVvATION (A.r 1,240 4) t Lo\(3 )
T L o lwa b,
s 3 vt / 2
= 3 2 w'( QO(IS' o A
Mc = © Lit,* 45 EiI6, A 643,75

Mo (36) + 2M;(4S)r O(15) = 6 [ 206G L7+ 843.357]
M, = tor.o084 = 3Mjg

SIMULTAN 1OUS Satumond &
258.667-.35%d M3 = F02,08{ - 3M, ”
My = 4434:7/2 ¢418 = lm 739"

!
My = For. 084 -3(6%737) = 198,346
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Three-Moment Theorem Example (cont.)

Sign convention

e AT WEAs

8. Once all interior moments are known, v
solve for reactions using free body -
. . .. ‘43"\ ' K
diagrams of individual spans. B 5 e P Ms Y My
[4 KLF o' l 20’ b KLF
TR‘ A Ez 30" ’]‘KS 15 1}4
SOUE ﬁE,Lcnws WITH FBED's
_‘__ As.552
{ Dr IMeg,® R\(12)-48(c) +198.7 =0
’I‘K 198.F R,z 1.4318 %
) zfv=74375-8+\/o
; V = 40.5622
do5e22 f’o
qc’m lé?-?p} ZM@K : Kz(zo)-‘lo.%ZZ(?o) -60(20) -198.15 ¥ L3, 38+l0
'Ik 3o K &1.594 K
[4 " = —40 5017 + 8,594 -60 +V =0
(16-97 .90 = 8. %7
K [ o i TR Me &4 —-|a7??5 . 181 301 (15) + Ry (15 ) - 90(7.5) -0
Is Kz =
673 Tr{3 1%4 EHs Ry §16'#. 38 + ‘Wg §)~Ry(15) =0
R4 33, 8l4}
W
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Three-Moment Theorem Example (cont.)
9. Draw shear and moment diagrams as usual. This will also
serve as a check for the moment values.
60.0 k
’ 6.0 kIf
40 kIf
. [T | LT
R3 R4
75.2k 33.8k
+56.0 k
+41.0 k
+7.4 k
V' | ==
-19.0 k -19.0 k
-40.6 k -33.8k
+211.6 k-ft
+95.3 k-ft
/
M
-198.7 k-ft -bERkE
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Three-Moment Theorem — 2 Spans

BOFT

OET 10'FT 20.FT 30'FT ID'FT SO'FT
30k 30k 30k
l l 15k
i 55 k 44k
6k 1 O
31k
| 15k
6k 1 [
[ 1k |
24k 220\
140 k-ft
130 k-ft ;
60 k-ft
E = 29000 ksi
1=140in"4 .
; -150 k-ft
-180 k-ft

M L +2M,(L +L,)+M_L, = 6|EIO®, + EIO, |
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Three-Moment Theorem — 3 Spans
OFT ZA_FT 32'FT 40_FT BA'FT

25k 50k 50 k 25k
35k
25k '
' 15k
15k
25k
125 k-ft -35k 125 k-ft
E = 29000 ksi =120 k-ft -120 k-ft
1=140in"4

ML +2M (L, +L,)+M_.L, =6|EI®, + EIO, |

University of Michigan, TCAUP
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2-Hinge Frame

» Statically indeterminate
* Find negative moment at knee

+  Symmetric case solution

SYMMETRI C
4, Lod P Jo

pu

/ - |\
| )

© | LOAD ©
b S 1
Mh M Mly
6 EI® W EEPE A SR P4
M=——— . )4/ Q/{L——“
2h+3L 4h L Retale
ML
o - —M-SL" =-El6et+
M= € EL©
2h ¢3L
2-Hinge Frame example
uW':?ZK

*  Symmetric case solution
» Vertical reactions by symmetry
* Find moment at knee

«  With FBD of one leg find H

w
2 wiL 2
Wity /8 Wy
5"‘%&4

University of Michigan, TCAUP

Tg(nk Tg@‘

M 1w:lKLF f\a
o S ran) e — (= 30"

TS BE R Rk
Er 6= WL
7
7(12)
M = (p Ele = ______é.“_'___—- L 30““‘,__ K=
BRASABER L M L e

Mz H(zoY , W=, = 2400 = 180"
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3-Hinge Frame comparison

» Statically determinate
+ Solve with statics

*  FBD of half from hinge
+ Solve forH

+ Use FBD of leg to solve M

TMe=0 = -36(18) ¥36 (36) -H(22)

k=32.4°

M = 14 (20) = 324(20) = 648"
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Comparison of moments
K-! o (5
-%4.5 =364~
* 2-hinge frame
18.2'-45
T36% 344.5
+ 283
A Tl
* 3-hinge frame - >0 -
(o) /
32 4(<__> @
i
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The effect of shape and hinges

knee: -364 ft-Ibs
center: +284 ft-lbs

Moment: ‘oilﬂlllllllllllllllllllUlUU1lllllllllllllllllllllll
horz. react. = 18.2k {. .. L

Continuous Beam

Moment:
knee: -648 ft-Ibs WWWWWW
center: O ft-lbs ’ ‘
horz. react. = 32.4 k |

Beam with center hinge

Moment:

knee: -126 ft-lbs
center: O ft-Ibs ¢
horz. react. = 27.0 k L

3 Hinged Arch
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