Architecture 324
Structures Il

Structural Continuity

» Continuity in Beams
Deflection Method
Slope Method

* Three-Moment Theorem

Millennium Bridge, London Photo by Ryan Donaghy
Foster and Partners + Arup
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Continuous Beams

» Continuous over one or more supports
— Most common in monolithic concrete
— Steel: continuous or with moment ‘ N |
connections ‘ S
— Wood: as continuous beams, e.g.
long Glulam spans
+ Statically indeterminate
— Cannot be solved by the three e
equations of statics alone JT\\ SFCIis  Eaarwy = |
— Internal forces (shear & moment) as T l ‘ o
well as reactions are affected by
movement or settlement of the
supports

two spans - simply supported

two spans - continuous
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Draw shear and moment diagrams as
usual.
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Slmple VS- Contl n uous Beams 34. CONTINUOUS BEAM—THREE EQUAL SPANS—ONE END SPAN UNLOADEb
- [anmms ‘llul)lﬂl‘l V"lllllllll’l[u’illllllllll x
1. SIMPLE BEAM—UNIFORMLY DISTRIBUTED LOAD AL 1 ;B [ _I_ C 1 j‘o
Ra = 0.383 wi R = 120wl Rc = 0.450 wi
Total Equiv. UniformLload . . . = wi Rp = —0.033 wl
1w — ol 0.383 wl [T 0.583 wli'm‘m-:k 0.033 wip . Ij 0.033 wl “
Jom . o T T , SHEAR 0617wl L0417 wl ’
. i | 2 T - w(—i—x) —0.11§1‘wl=
—§—— 2 2 Mm..,(..“m...) ,,,,, "_.". +4-0.0735 wiz R\m\ +0.0534 wiz | —0.0333 wi2
o B iy hw s e @ e MOMENT [ N
ar 5.4 L % - 0.3831 0.583 1
ML i AmaEs (“““‘") """ IMET & Max. (0.430 Z from A) = 0.0059 wi*/El
l Horet S T TR 35 CONTINUOUS BEAM—THREE EQUAL SPANS—END SPANS LOADED
wl wl
[sansnansusnssssnsnnsl = [snsssassssssnnsssnes)|
+ Simple Beam At e 0. G 73 P
Ra = 0.450 wl Re = 0.550 wl Rc = 0.550 wl Ro = 0.450 wl
— End moments =0 0.450 wl P e 0850wl Trrrreme ol e
- - SHEAR Rt
— Mmax at C.L =wL2/8 = 0.125wL? T
+otoiur AT, 01018 0
. MOMENT [T ]
* Continuous Beam 0.4501 0.4501
. A Max. (0.479 I from A or D) = 0.0099 wi*/El
— Exterior end moments = 0 :
. 36. CONTINUOUS BEAM—THREE EQUAL SPANS—ALL SPANS LOADED
— Interior support moments are e
usua”y negative RAT':0400 ll RBLBI 10wl l Rc\L(i 10 wl : jDom 1
A = 0.400 wi = L10wi = LI0w Rop = 0.400 w
— id- 0.500 wl 0.600 wl e
Mid-span moments are usually 0 e e 0400 wi
positive 100)ul2 —0.100 wiz
E d + Md 0 125 L2 —}-Oi]i;_ovwl2 +0.025 wli(zﬁx +0.080 wiz
- En id =0.125w ~g
MOMENT 0.4001 1 ¢ 0.5007 | 0.5001 0.400 !
A Max. (0.446 . from A or D) = 0.0069 wi‘/EIl
Note: moments shown reversed
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Deflection Method
« Two continuous, symmetric spans e o
« Symmetric Load e T
A B e =0 c
Procedure:
Lokn
1. Remove the center support, and calculate e
the center deflection for each load case as - -
a simple span. Rt S ,l =T
2. Remove the applied loads and replace the \ -
center support. Set the deflection equation ElA= S
for this case (center point load) equal to
the deflection from step 1.
3. Solve the resulting equation for the center
reaction force. (upward point load)
4. Calculate the remaining two end reactions.

EIA, +EIA, =0

Slide 4 of 28




Deflection Method - Example:

MAXIMUM VALUES: SLOPE, DEFLECTION, AND BENDING MOMENT
NOTE: YALUES OF SLOPE AND DEFLECTION TO BE DIVIDED BY "EI"
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Given: Two symmetric spans with ’
symmetric loading as shown. Y § Uz oo 2 }
- ni, PL/4 M. A L stope->FL /2
_ . PLYg «peniecrio peFLecrion->PLY;
Find: All three reactions L alicloiiiis o
2
) e e ( — W __lw
Wiy BT wih, t e
| sy T Wiz
\LZ:OK \Lz—a K lz_g K 25
s - . ( %4 A
,-A,V:J»\'jlf_____,,—»-*_Jf == -\__-__’,,.7__19_ Wl ;:://:) W% TW ‘ /lm%o
20’ 30’
’I‘Kl —3 TKL —2 T (\3 wi/s
wiy, Wiz L W
It J’ l J/ — /52 57:/1’/3 - /52 Tw W%S
<IT e .
T B e e e J/ )5" T 1 i Lis & ts § L3 L/3 2L/3
= 2 PL/3 2 i, 2Ptq 2
P PL SR, 4P
,f»—-——t§ﬂ__“_‘ " 2P, 48 4 & &
L"'”" 1T ‘\‘L P P
’2" gy bavy tay La L/g 3l/a
s, ‘:2 5P1%, wy e shy
(SL i SK = O oR SL * (SK %
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Deflection Method
2o 2ok 20K
1. Remove the center support, and qL i 1
calculate the center deflection for E"“‘ -
each load case as a simple span. . /}l-- ~ - i L
\ 3
Wt
PP P
w) Lg 4 tay Yady La
2 Wi/g 2 2 PL 2
Wirra s Wihrg 5P, {2 5P,
% /38 " 19PL /”4
5, = swh* i 4 ¥
= 5w {3/ P2 5(1)60)" + 19 (20)(eo:
$ = 38z500/e1
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Deflection Method — Example

.Remove the applied loads and
replace the center support. Set the
deflection equation for this case
(center point load) equal to the
deflection from step 1.

3. Solve the resulting equation for the
center reaction force. (upward point

| agupe t5§’<_ e
20’ TRp27 20
P
L ‘ L2 SLOPE ’
Pl%b @‘/4 oM. Pt%(,

PLY%4g <« pEriEcTION

load)
5.= Sx
’582‘900/;2( =
4% zf
Rz 87 5
2 —_
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Deflection Method — Example
4. Calculate the remaining two end reactions.
zo® 2ok 20K
| J/ \L
w= | KLF 3
P o R O i e 3 - _.'é_
20’ _x.BQ’
1& ?KZ: e ; Rz
(U) (éo)
ZFPvroE RinR: 485 GO - éo =0
o K
Kl = KS z [1.9

University of Michigan, TCAUP Structures ||
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Deflection Method - Example cont.:

5. Draw shear and moment diagrams as usual.

University of Michigan, TCAUP

L ZOK Zo' 20K
1 4
o= T KCF — 1
Tia.s* 30" Tast (30 Tt
32.5"
) /"X’
,?5—'( 112,5 = ‘;I(
'l< @ L4
v < 2.5 15 15774 /
o
¢ <28 f
/2 N i (293D, T o' T 12,5
—as __| 182
N, 173
e 1 325 REC KW
p; -
M /\l/ /\
1)
Ly 225— /=K
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Slope Method

* Two continuous spans
* Non-symmetric loads and spans

Procedure:

1. Break the beam into two halves at the
interior support, and calculate the
interior slopes of the two simple spans.

2. Use the Slope Equation to solve for the
negative interior moment.

3. Find the reactions of each of the
simple spans plus the M/L reactions
caused by the interior moment.

4. Add all the reactions by superposition.

5. Draw the shear and moment diagrams
as usual.

3
L +L,

M [E]@ +EIO, |
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<

Sz = Stlor:
"I‘E‘Q,—_'V_(_L' __—_'EIQ +HL1
- 7 T
@Q +ElD, )
<l£jo( +—D@)
L-,-L 2
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ML, M,

J*’

M
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MAXIMUM _VALUES: SLOPE, DEFLECTION, AND BENDING MOMENT

Slope Method p

NOTE: YALUES OF SLOPEAND DEFLECTION TO BE DIVIDED BY "EI"

LA ‘ l/2  siope % }
ﬂ%b Pl/s «—p.m. F’?%b L siore>FL 4;
. P, peFLecTion—>PLY/3
Slope equations: gag + wencon
wi
= | =
Wiy i ‘;/8 M Wiy T L n
3 s = v
M=———|EI®, + EI©,] o
Ll + Lz d wi
5:5% Y 5§/L/’ & //m/;
‘ W0 @% TW /eo
)
|W2 /ﬂ‘ ( P we?,
M L wiy, WYz w2 C 12
% 5m’/320 /52 Tw MZ5
ML M P
< / Ly & L34 LUs L3 & 23
¢ f) h oy || T
48
M P P P P
/"-l M/ L Lg S tasy tady La Yssy 3/a
5&’/32 Pt/2 5?%%2 7Ff”za e 5572&
"”"7354
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Slope Method - Example p
Lfs & Yz & /3
Given: Two non-symmetric spans with ol 7o PL/3 FL%
H 3
loading as shown. 2P g
Find: All three reactions W
wi
W, Y& o (i,
3
5w 484
1. Break the beam into two halves at the
interior support, and calculate the
interior slopes of the two simple spans. |
T
2. Use the Slope Equation to solve for EL@
the negative interior moment. E1 92
3
3 M= Ty [2550[
@ [El©, + EI0, ] izl
L +L,

University of Michigan, TCAUP Structures ||
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Example of Slope Method cont.:

ML
3.Find the reactions of each of the simple spans 3 ? M
plus the M/L reactions caused by the interior =
t. — A
4.2:;] aeITthe reactions by superposition. i L fD
M, ML
Redunons &Y FBPY 4
s b b =
T3 u e AT
M ( . 4 182 -1.57
' f% %' ' f ?,S 7'2&'4/ g
+ J I 1
|25t ALt 6,5 "+
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Example of Slope Method cont.:

5. Draw the shear and moment diagrams as usual.

23" 23x.

g J 8 [w
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MAXIMUM _VALUES: SLOPE, DEFLECTION, AND BENDING MOMENT

3-Momen em NOTE: VALUES OF SLOPE'AND DEFLECTION TO BE DIVIDED BY “EI"
« Any number of continuous spans £
N S tric Load and S LA ‘ lj2  siope % }
on-osymmetric Load an pans ﬂ%{, Pl . P?%b L swore>Pl%
me me PL% g < DEFLECTION DEFLECTION-#PLB/B
6 3
S [ w I m”é wid
L Wi, Y/ WY, L f»
m/ ML swy tw wijg
e =& 2wfs
Ma ' }: z 5 Mc o we,
= L —2 e T s, T
A L, : LZ c 9% WL%O 9 Tw / /60
P ] »
o 161 WQL‘ w2 ZL‘ILZ L 12
Ml | Mele
ﬂ‘.‘CL_’" ~== 'Aai (-(/‘ - - ««32'4& /52 5“7320 /2 Tw m%5
Mgl P P P
e ig_‘ { le . Ls 3 Ys & s ts &  2L/3
= . V : s
, P ) P SRy 2PL/q A
L[® 25P%48
. _ MA-___Ll _ T_B_Ln _ "j&_‘(_ Me Lo P P P P
+E16 - - = Ele, + 3 U g Ya sy Hady Yo Yoy 3t/a
- P 2 s 3P >
MAL1+2MB(LI+LZ)+MCLZ=6[El@1+E@2] I‘YPL/am
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Three-Moment Theorem
* Any number of spans
« Symmetric or non-symmetric i
2 3 4
Procedure: T 1 ‘T_— T
. ) B C
1. Draw a free body diagram of the first = \ /= c
two spans. é 4
2. Label the spans L1 and L2 and the O . N
supports (or free end) A, B and C as y 7 y / -
Vis = Vs Vi
show. _ 1 toap1 2 2 LOAD2
3. Use the Three-Moment equation to ( 3 S — )
solve for each unknown moment, f = d
either as a value or as an equation. A L’E’\O B EID } ¢

-

o :
ML +2M (L + L))+ ML,

—_————
—)

University of Michigan, TCAUP

Structures Il

= 6|EIO, + EIO, |

—_—
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Three-Moment Theorem
Procedure (continued):

4. Move one span further and repeat the
procedure.

5. In a 3 span beam, the mid-moment from
step 3 above (B), can now be solved using
the two equations from step 4 and 3
together, by writing 2 equations with 2
unknowns.

6. Repeat as needed, always moving one span
to the right and writing a new set of moment
equations.

7. Solve 2 simultaneous equations for 3 spans,
or 3 equations for more than 3 spans, to get
the interior moments.

8. Once all interior moments are known, solve

<r

for reactions using free body diagrams of
individual spans.

9. Draw shear and moment diagrams as usual.
This will also serve as a check for the
moment values.

LoaD2 3

\__,/

He

/\\g

LOAD 3

CE,ez

L

2

M L +2M,(L +L,)+ M_.L, = 6[EI®, + EIO, |

7

University of Michigan, TCAUP

3

Structures Il
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4
’A)

Three-Moment Theorem Example

<r

Given: Three non-symmetric
spans with loading as
shown.

LOAD 1

Find: All four reactions

M:

I | )
R 4 R [l
! ﬁ.‘- L M
1. Draw FBD Ml ;/ M_}. (oOK } 4
2. Label 4 KL o' 20! e
4 -1 30! 4 1! 4
3. Solve AR' - BKL ~ CK3 = Ry
3-moment =— — —
equation FIRST EQuATIond (AT |2 4v3) 3 UL 8(12)"
MR el TeRen v LW
= ] = 30
Mz = Mg L.+L1 41 E19° 5&"’* = 5‘(r.c>>(303 333?.3
MA{-l “'ZHK(LHL-L\ +Hc Lz = (a[EIO.+£Iez]
O(»2)+ Z@‘We @(M = ([ 188 +3383.3]
'z— 258, 667——03 7'?”3{/—

University of Michigan, TCAUP
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Three-Moment Theorem Example (cont.)

4. Move one span further and repeat the procedure.

ML +2M,(L +L,)+M_.L, = 6{EI®, + EIO, |

| | e
487\ W goK
i M3 LT T M
™, i ¥ My (,OK ‘ 4
/ s — o
) S
U ’|K1 30! ‘I‘KS 3 ‘T‘M
A B C
Seconn  gaukTion (Ar 2,340 4) *
HA 2 rj«z t. : 32 Ble, = 4” 4(“2(,30) 266l L7
Mg - =] 3
Mez 0 Loyt 45 mie: }.{1” w052 43,35
? —\/ 2
M (0)+2M3 (Y 0(15) = b [ 2666 .67+ 842 35T e/
My ® toz.084 - 3Mg
SIMULTAN 1OUS Sotumon &
758.067-.35 704 fuz 102,084 - 3H3 s KL
U‘ﬂ’w/za,za L. :
M, = For.084 -3(167,737) = 198.346 %
—_— A" aa " a2 aWw
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Three-Moment Theorem Example (cont.)

Sign convention

_—

University of Michigan, TCAUP Structures ||

HL_. :1 N= %DCE_//f‘DQ%
8. Once all interior moments are known,
solve for reactions using free body , -
. . .. '48'\ , K
diagrams of individual spans. B P s A My
'4 KLF 10! l 20’ b KLE
T ! Re 30" TK; 15" ‘{‘K“
SOLYE K[Acnws u-ru
4a il
§1 g !Meat K}(lz)}dol(o)}l .7
1‘787 1% 4318 K
& 2rv= 74375 ZJ8 4+ o
V = 40. 5622
sczz l, 7 v
K"’“ !6?7—2 ZM(K = f (so -4o.5622 (30) -0 (20) - 198,75 + L3, Fg 0
30
T T zr —?{Zu‘s'ozz +£15’4 -40 +V =0
6. %7 , _V=18.%17
J‘QI R 1% 1N ZHeg-K-m ?5-13‘ mus*)+K5(/s) 90(1.,5) <0
je
l62.3 T@ 2 Ry ZHp Ry '§I6?.?8+‘30£7 5)~Rq(15) =0
‘ Ry 2 5:8042,
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Three-Moment Theorem Example (cont.)

9. Draw shear and mome

nt diagrams as usual. This will also

serve as a check for the moment values.

60.0 k

6.0 kIf
il | LT
R1 R2 R3 R4
7.4k 81.6k 75.2k 33.8k
+56.0 k
410 k i
(4
Lo
+7.4
vV
-19.0 k -19.0 k |
-40.6 k -33.8|k
+211.6 k-ft
+95.3 k-ft+
/
+6.9 k-ft+
4 /
-198.7 k-ft HahB kA
University of Michigan, TCAUP Structures || Slide 21 of 28
Three-Moment Theorem — 2 Spans
OvFT IIJ'FT ZOvFT JO'FT AO_FT SO'FT | 0/ BO'FT
30k 30k 30k
15k
0 o R
i \ P ¥se
| 55k T 44k I
6k G
31k et
15k
6k [
( 1k
24k 2K
130> !(-ft lflO k-ft
60 k-ft
E = 29000 ksi
1=140in"4 -
: =150 k-ft
v 180kt _ i
O y (5D
M L +2M (L, +L,)+M_.L, =6|EIO, + EIO, |
A1 1 2 c=" 1 2
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Three-Moment Theorem — 3 Spans

O'FT 24'FT 32'FT 40'FT 64_FT
30k
l 2.5 k/ft
...................................... '
= My '
50 k 25k
35k
25k '
' 15k
15k
4 25k
125 k-ft -35k 125 k-ft
M
E = 29000 ksi -120 k-ft -120 k-ft
1=140in"4
ML +2M,(L +L,)+M_.L, = 6|EI®, + EIO, |
A1 B 1 2 c2 1 2
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2-Hinge Frame

« Statically indeterminate
* Find negative moment at knee

*  Symmetric case solution

6 EIO®
M=——
2h+3L

University of Michigan, TCAUP

SYMMETRIC

© LOAD o
| ELor
B otk P ) =
ML
o-—%‘—" = -EBI6+ =
M= G EL©
2h 3L

Structures Il




2-Hinge Frame example

*  Symmetric case solution

» Vertical reactions by symmetry

* Find moment at knee

«  With FBD of one leg find H

e

2 wiL 2
Wity /8 Wy
5mz -

=W= ?ZK
[:;:. | KL= 4:/ ‘
F2! 26’
H— «— H
TB(DK Tgb'(
=1 Wte
36'( 52 __—]Dr\z’ K
—— 30
J-zo | \ l le
Er = WL
K2}
72(723
WIAE N e L K-l
e e i — 264.5
2w+ 2L 78 £27) §idh 3 AL e s

s Hlzey | HEM = T 20 = l52
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3-Hinge Frame comparison
{1 i<u= B
- Statically determinate ZO,J 26 LG 12l l
T8 A
+ Solve with statics =2 P i -
1%(, /rg(,,
. 36K
* FBD of half from hinge 5 BB
1& v 18 1
+ Solve for H 20 I
HlA
» Use FBD of leg to solve M 2 T

University of Michigan, TCAUP

TMe=0 = -36(12) ¥ 36 (30) -U(20)
H=32.4" ’
M = 14 (20) = 32.4(20) = L48"
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Comparison of moments

K-! s ks
- 34,5 = 3645
* 2-hinge frame e "
'x 283,5 1!
1%.2 — 0
Tae* 364.5
+ﬁ2£~':‘
ey ede !
» 3-hinge frame — A l /
o
Z’Z.AK—-Q /
-
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The effect of shape and hinges

Moment: : 2 : X tateds
knee: -364 ft-Ibs H
center: +284 ft-lbs |

horz. react. = 18.2 k EL, o]

Continuous Beam

Moment:
knee: -648 ft-lbs T T T T T T

center: O ft-Ibs ! H
horz. react. =324 k ..

Beam with center hinge

Moment:

knee: -126 ft-lbs
center: O ft-lbs

horz. react. =27.0 k

3 Hinged Arch
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