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3-Moment Theorem

Continuity in Beams
Three-Moment Theorem
2-Hinged Frames
3-Hinged Frames
3-Hinged Arches

Salginatobel Bridge
Switzerland, 1930
300 ft span 42 ft rise
Robert Maillart
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Continuous Beam Analysis

Deflection Method w=2 kit

+ Two continuous, symmetric spans 24t T\ 241t

+ Symmetric Load R & ETA =D ¢
Slope Method FekDd LoAD 2

* Two continuous spans
* Non-symmetric loads and spans
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3-Moment Theorem M‘Q — l QM‘-
- Any number of continuous spans &L L. 2

* Non-Symmetric Load and Spans
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M L +2M (L + L,)+ ML, = 6[EI®, + E1O, ]
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3-Moment Theorem
* Any number of continuous spans

MAXIMUM_VALUES: SLOPE, DEFLECTION, AND BENDING MOMENT

NOTE: VALUES OF SLOPE'AND DEFLECTION TO BE DIVIDED BY "EI”
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Three-Moment Theorem
* Any number of spans
FREE BODY 1

* Symmetric or non-symmetric

Procedure:

1. Draw a free body diagram of the first
two spans.

2. Label the spans L1 and L2 and the
supports (or free end) A, B and C as
show.

3. Use the Three-Moment equation to
solve for each unknown moment,
either as a value or as an equation.
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M L +2M,(L +L,)+M_.L, =6|EI®, + EI®, |
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Three-Moment Theorem

Procedure (continued):
4. Move one span further and repeat the
procedure.

In a 3 span beam, the mid-moment from
step 3 above (B), can now be solved using
the two equations from step 4 and 3

5.

together, by writing 2 equations with 2
unknowns.

Repeat as needed, always moving one span
to the right and writing a new set of moment
equations.

Solve 2 simultaneous equations for 3 spans,
or 3 equations for more than 3 spans, to get
the interior moments.

Once all interior moments are known, solve
for reactions using free body diagrams of
individual spans.

Draw shear and moment diagrams as usual.
This will also serve as a check for the
moment values.
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M L +2M,(L +L,)+ ML, =6|EI®, + EI®, |
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Three-Moment Theorem Example

<r

Given: Three non-symmetric
spans with loading as
shown.

LOAD 1

Find: All four reactions

M:

] |
48" T qO¥
1 M ,
1. Draw FBD R e 0o~ il My
2. Label 4 XF 1o l 20! o
4 ' B 30! o 157! 4
R R
3. Solve i B'* s Ry
3-moment
equation FIRST  EQuATIoN (AT |,2 Avo3) WA 48(10)°
- Ma=0O L)= 12" 1O = 75 * ~o4 - 186
MVM L = 30 5PA’ (ab5(EET
M =Mq L.+L1 41 EI©,® = & 2[ ©). 33333
M‘rtl ‘l’ZMﬁ(LHLz\ +Hc (.2 = GEEl@l +ﬂ@z]
o) + 2 Hz<42 + Mz (30) = (5238 +3383.3]
Mz = 258.447 —0.35H4 M3
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Three-Moment Theorem Example (cont.)

M L+ 2M (L, + Ly )+ ML, = 6[EI®, + EIO, ]

4. Move one span further and repeat the procedure.

1 |
487 T qOR
! M ,I
M o M 60 Tt &
4 KLF |O' l ZO' b KLF
(SRETIIR 30" PEH— 1
Secown  gavktion (Ar 7,340 4) *
e T i e
HR2 My R “U%F" °fo('5'Bl
Mc = © Lip* 457 Bl6et s Sp— e 643,15
(o)+2M3(4§)+ 0(15) = (L 266t L7+ 843. 3]
M, = toz.084 - 3Mg
SIMULTAN 1OUS Sotumos &
Za‘soaa? 35U M3 = F02.084 - 3M, o
Mg = 4434:?/2 c418 = lm THI
!
M, = 702,084 -3(167.777) = 198.346 %
A" ava  av aw
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Three-Moment Theorem Example (cont.) Sign convention

T NE (= AR
8. Once all interior moments are known, v v M M
solve for reactions using free body . -
. . . by ! K
diagrams of individual spans. & ;“‘ e e Mo L My
i4 KLF 10! l 20! b KLF
TR‘ 1z’ \Kz 30! 1‘&3 i ¢K4
SoUE ﬁEACTumJS WITH FED's
__ o.502
{ j 1 j]Df ZMGRL K(Iz)}tloK(o)H‘is EIEY
198.%
f 2rv=74375~8+\/—o
V = 405622
405622 l
J -198.3 m:p } ZM(’K : ﬁz(m-40.51.22(:0)-40(20) -198,5 + 167.38 0
TR 'R,2 81594 K
4 K =—40 5617 + 81,594 -60 +V =0
(6% 10 =187
JQ I B ek, : -l ?é lgl 163 (15) + Ry (15 ) - 90(1.5) -0
Is <
Ll TKg 1%4 THe Ry =63, 73 p90(7.6 )i Re(15) 0
Ry > B84
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Three-Moment Theorem Example (cont.)

9. Draw shear and moment diagrams as usual. This will also

serve as a check for the moment values.

600k
: 6.0 ki
it | [T
R1 R2 R3 R4
7.4k 81.6k 75.2k 338k
+56.0 k
+41.0 k
+7.4 k
v
-19.0 k -19.0k |
-40.6 k -33.8k
+211.6 k-ft

+95.3 k-ft
/.

198.7 keft -167.8 k-ft
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Three-Moment Theorem — 2 Spans
0FT 10FT 20FT 30FT 40FT S0FT 60FT
30k 30k 30k
l 11 k
| 55k 44k
6k
31k
15k
6k [
[ 1k
24Kk -29k |
130 ke 140 keft
60 k-ft
E = 29000 ksi
1=140in"4 -
. -150 k-ft
-180 k-ft
M L +2M (L +L,)+M_.L, =6|EIO, + EIO, |
A1 B 1 2 c= 1 2
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Three-Moment Theorem — 3 Spans

OFT 24FT

32FT 40FT B4FT

25k 50k 50k ' ’ 25k
35k '
25k '
15k
15k
25k
125 k-ft -35k 125 k-ft
M
E = 29000 ksi =120 k-ft -120 k-ft
1=140in"4

M L +2M,(L +L,)+M_.L, = 6|EIO®, + EIO, |
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2-Hinge Frame

» Statically indeterminate
* Find negative moment at knee

« Sum of ®’s left and right of knee
are equal

» Symmetric case solution is:

6 EI®
C2h+3L
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2-Hinge Frame example

»  Symmetric case solution

» Vertical reactions by symmetry

« Find moment at knee Ta T36"
M w =\ KLF M
. i i S T R S e +
With FBD of one leg find H W G X =2 e X S 7L
oo’ 32 el
Er 6= WL
74
w
Wy Wi/s ZW.%4 M= ( EL6 _ 723‘25 R L
5m’-‘3 - 2h + 3L 2(20) +3(?2> B
AE1767) SR Ty AR I =’l\3/.\zf
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3-Hinge Frame comparison
(1 kLF — g |
« Statically determinate ?’O"l 36l Q1 it l
. . H A
* Solve with statics b 4 P o= H
/r?>(p /rg(,,
- 36K
* FBD of half from hinge 5 AT
& & 18 [
« Solve forH 2¢’
Wis [A

+ Use FBD of leg to solve M

University of Michigan, TCAUP

TMe=0 = -36(18) ¥ 36 (36) -U(z2)
W=32.4% :
M = 1 (20) = 32.4(20) = 48"
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Comparison of moments

K= 1 e

-34.5 = 364
* 2-hinge frame ; "
B 2(5;5' e
1%.2
__-)TS(‘;K i 3644.5
+ 282
A e
° - i ki e i A -
3-hinge frame w ? l g
ZZ-AK_—) @
Fae ¥
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The effect of shape and hinges
Moment: T T
knee: -364 ft-lbs ’
center: +284 ft-lbs
horz. react. =18.2k |, .. I

Continuous Beam

wt

Moment:
: I T T T
knee: -648 ft-Ibs

i

center: O ft-Ibs

horz. react. =324 k - {
i, .. ] \i

Beam with center hinge

Moment:

knee: -126 ft-Ibs
center: O ft-lbs
horz. react. = 27.0 k L

3 Hinged Arch

University of Michigan, TCAUP Structures Il Slide 16 of 19




Characteristics of a 3-Hinged Arch

 Statically determinate — can be calculated with
statics

* Movement or settling of foundations will not
alter member stresses

+ Small fabrication errors in length do not affect
internal stresses

» Hinge placement can reduce internal stresses

Gallery of the Machines, 1889 Paris
Architect: Ferdinand Dutert
Engineer: Victor Contamin
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Keystone Wye Bridge
Glulam arches, spanning 160 ft.
built 1967-68 in South Dakota
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Examples and Details

Sydney Harbour Bridge Center Hinge

Hinged Glulam Timbers

%% The Iron Bridge
" Telford England
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