
Architecture 324
Structures II

Reinforced Concrete Beams
Ultimate Strength Design
(ACI 318-19) – PART I

• Flexure in Concrete
• Ultimate Strength Design (LRFD)
• Failure Modes
• Flexure Equations
• Rectangular Beam Analysis
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Flexure

The stress trajectories in this simple beam, 
show principal tension as solid lines.

Reinforcement must be placed to resist these 
tensile forces

In beams continuous over supports, the stress 
reverses (negative moment).
In such areas, tensile steel is on top.

Shear reinforcement is provided by 
vertical or sloping stirrups.
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Ultimate Strength – (LRFD)
Nominal Strength  ≥ Design Strength

(strength of member ≥ required by loads)

LRFD uses 2 safety factors: γ and φ
φ nominal strength ≥ γ design strength

γ  increases the required strength of the 
member and is placed on the loads

φ  reduces the member strength capacity and is 
placed on the calculated force

Loads increased:
γ Factors:  DL=1.2  LL=1.6

U is the required strength
U=1.2DL+1.6LL  
(factors from ASCE 7)

Strength reduced:
φ Factors:  e.g. flexure = 0.9 
in tension-controlled  beams
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Ultimate Strength – (ACI 318-14)
Reduced Nominal Strength  ≥  Factored Load Effects 

ΦSn   ≥   U 

γ  Factored Loads (see ACSE 7)
1) 1.4D
2) 1.2D + 1.6L + 0.5(Lr or S or R)
3) 1.2D + 1.6(Lr or S or R) + (1.0L or 0.5W)
4) 1.2D + 1.0W + 1.0L + 0.5(Lr or S or R)
5) 1.2D + 1.0E + 1.0L + 0.2S
6) 0.9D + 1.0W 
7) 0.9D + 1.0E

Strength Reduction Factors, Φ

Mn Flexural (ε > 0.005) 0.90
Vn Shear 0.75
Pn Compression (spiral) 0.75
Pn Compression (other) 0.65
Bn Bearing 0.65
Tn Torsion 0.75
Nn Tension 0.90
Combined stress 0.65 to 0.90

D = service dead loads
L = service live load
Lr = service roof live load
S = snow loads
W = wind loads
R = rainwater loads
E = earthquake loads

ACI 318 21.2.2
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Strength Measurement

• Compressive strength
– 12” x 6” cylinder
– 28 day moist cure
– Ultimate (failure) strength
– Usable strain εcu = 0.003 (ACI 318)

• Tensile strength ASTM C496
– 12” x 6” cylinder
– 28 day moist cure
– Ultimate (failure) strength
– Split cylinder test
– ca. 10% of f’c
– Neglected in flexure analysis
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Failure Modes Based on As

• No Reinforcing
o Less than Asmin
o Brittle failure

• Reinforcing < balance (use this)
o Steel yields before concrete fails
o Ductile failure
o εt ≥ 0.005 for tension controlled

• Reinforcing = balance
o Concrete fails just as steel yields
o rbal

• Reinforcing > balance
o Concrete fails before steel yields
o Low ductility
o Sudden failure

𝜌 ൌ 𝐴௦𝑏𝑑

𝜌௕௔௟ ൌ 0.85𝛽ଵ𝑓௖ᇱ𝑓௬ 8700087000൅ 𝑓௬
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ACI Stress Block

β1 is a factor to account 
for the non-linear 
shape of the 
compression stress 
block.𝑎 ൌ 𝛽ଵ𝑐

Actual stress block ACI equivalent stress

.85 .650.85 ≥ 0.85െ 0.05 𝑓௖ᇱ െ 40001000 ≥ 0.65

psi

N.A.
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Flexure Equations                     strain        ACI equivalent stress block

𝜌 ൌ 𝐴௦𝑏𝑑ε௧ ൌ 𝑑 െ 𝑐𝑐 0.003
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Balance Condition
From similar triangles at balance condition:

Use equation for a.  Substitute into c = a / β1

Equate expressions for c:

Strain diagram for balanced condition.𝜌 ൌ 𝐴௦𝑏𝑑
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Rectangular Beam Analysis
Data:

• Section dimensions – b, h, (span)
• Steel area - As
• Material properties – f’c,  fy

Required:
• Nominal Strength (of beam) Moment - Mn
• Required (by load) Design Moment – Mu 
• Load capacity

1. Calculate d
2. Check As min
3. Calculate a
4. Determine c

5. Check that εt ≥ 0.005 (tension controlled)
6. Find nominal moment, Mn
7. Calculate required moment, φ Mn ≥ Mu 

(if εt ≥ 0.005 then φ = 0.9)
8. Determine max. loading (or span)

𝑎 ൌ 𝐴௦𝑓௬0.85𝑓௖ᇱ𝑏 𝑀௡ ൌ 𝐴௦𝑓௬ 𝑑 െ 𝑎2
𝑀௨ ൌ ሺ1.2𝑤஽௅ ൅ 1.6𝑤௅௅ሻ𝑙ଶ81.6𝑤௅௅ ൌ 𝑀௨8𝑙ଶ െ 1.2𝑤஽௅

𝜑𝑀௡ ≥ 𝑀௨

𝑐 ൌ 𝑎𝛽ଵ 𝜀௧ ൌ 𝑑 െ 𝑐𝑐 0.003 ≥ 0.005Asmin: 
greater of (a) and (b)
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Rectangular Beam Analysis

Data:
• Dimensions – 12”x23”
• Steel As = 4 x # 6    fy = 60ksi
• Concrete f’c = 6000 psi  
• Stirrup # 3,  Cover 1.5”

Required:
• Required Moment – φMn = Mu (capacity)

1. Calculate d
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Rectangular Beam Analysis cont.

Data:
• Dimensions – 12”x23”
• Steel As = 4 x # 6 = 1.76 in2

• fy = 60ksi
• Concrete f’c = 6000 psi  
• Stirrup # 3,  Cover 1.5”

2. Check Asmin
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Rectangular Beam Analysis cont.
Data:
• Dimensions – 12”x23”
• Steel As = 4 x # 6 = 1.76 in2

• fy = 60ksi
• Concrete f’c = 6000 psi  
• Stirrup # 3,  Cover 1.5”

Beta1:

3. Find a

4. Find c
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0.85 ≥0.85 െ 0.05 𝑓௖ᇱ െ 40001000≥ 0.65

Rectangular Beam Analysis cont.

5. Check that εt ≥ 0.005 
(for tension controlled section)
φ  = 0.9

6.    Find nominal moment, Mn

7. Calculate required moment
φMn ≥ Mu 
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𝜀௧ ൌ 𝑑 െ 𝑐𝑐 0.003 ≥ 0.005



One-way Slab Analysis
Data:

• Section dimensions – b, h, (span)
• Steel area – As , bar diam. bd , o.c. spacing
• Material properties – f’c,  fy

Required:
• Nominal Strength (of beam) Moment - Mn
• Required (by load) Design Moment – Mu 
• Load capacity

1. Calculate d = h – cover – bard/2
2. Find As/ft. Check As min
3. Calculate a
4. Determine c

5. Check that εt ≥ 0.005 
(tension controlled)

6. Find nominal moment, Mn
7. Calculate required moment, 

φ Mn ≥ Mu (if εt ≥ 0.005 then φ = 0.9)
8. Determine max. loading (or span)

𝑎 ൌ 𝐴௦𝑓௬0.85𝑓௖ᇱ𝑏 𝑀௡ ൌ 𝐴௦𝑓௬ 𝑑 െ 𝑎2
𝑀௨ ൌ ሺ1.2𝑤஽௅ ൅ 1.6𝑤௅௅ሻ𝑙ଶ81.6𝑤௅௅ ൌ 𝑀௨8𝑙ଶ െ 1.2𝑤஽௅

𝜑𝑀௡ ≥ 𝑀௨

𝑐 ൌ 𝑎𝛽ଵ 𝜀௧ ൌ 𝑑 െ 𝑐𝑐 0.003 ≥ 0.005

As/ft = As x 12/o.c.
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Ag =  b h

Slab Analysis

Data:
• Span = 18 ft
• h = 11”

take b = 12”
• Steel  #8 @ 18” o.c.
• f’c = 3000 psi
• fy = 60 ksi

Required:
• Design moment capacity – Mu
• Maximum LL in PSF

1. Find d
2. Find As

Check As,min

Ag = 12” x 11” = 132 in2

[0.0018(60)/60] 132 = 0.237 in2

0.0014 (132) = 0.1848 in2

0.527 > 0.237  ok
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ACI 318-14



Slab Analysis

3. Find a

4. Find c = β1 a

5. Check failure modeεt ≥ 0.005 for tension controlled

6. Find force T

7. Find moment arm z

8. Find nominal strength moment, Mn
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Slab Analysis

9. Find required moment, Mu

10. Find slab DL

11. Determine max. loading
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